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Two-Dimensional Field Theories Close to Criticality
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Using techniques developed in the context of conformal invariant two-dimen-
sional field theories, we present some examples of finite-size-effect calculations in
the vicinity of the critical point perturbed by relevant operators.
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bation by relevant operators.

1. INTRODUCTION

Applications of conformal invariance, i.., local scale invariance, to two-
dimensional statistical physics have already been numerous and delt mostly
with properties at the critical point. It is a natural idea to try to exploit
some of the new techniques that have been developed in this context to
study the vicinity of the critical point, where continuous field theory
applies. This can be called the critical domain. Although there has been a
Iot of work of this kind, mostly in the case of integrable models, we know
of only two recent attempts using the machinery of conformal invariance.
One is by Cardy,") who studies the logarithmic corrections to finite-size
scaling due to marginally irrelevant operators, and the other by
Zamolodchikov,”® who generalizes the short-distance algebra to the
situation where the trace of the energy-momentum tensor does not vanish
and a new scale is present.

Our goal is to present a few calculations and examples of what is to be
naturally expected. Due to the appearance of a length scale, it is tempting
to relate it to a particular geometry. The simplest one obtained from
periodic boundary conditions leads to a torus and has been very useful in
previous studies. It provides, furthermore, the constraint of modular
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invariance, the latter being by no means restricted to massless field
theories. Even though this may not be as powerful in the general case, it
still allows useful checks. Moreover, any theory in a finite box delivers us
from infrared singularities if one attempts to develop a perturbation theory
around criticality.

The deviations from criticality can be interpreted as additions to the
Hamiltonian of terms coupled to relevant operators, 1.e., of dimension less
than or equal to two. Those lead in particular to an ultraviolet finite
perturbation theory, a second fortunate circumstance, which is further
enhanced by the fact that the latter is most likely a convergent one.

Turning our attention to the observables, one may inquire which are
those of greatest interest. A conflicting demand is to allow for “easy” com-
putation. We find it convenient in a first approach to study the partition
function (on the torus) and its deformation as a function of the sources
coupled to the relevant operators (for instance, deviation in temperature
from T, or analogs of a magnetic field). As is well known, this partition
function at T, codes for the set of critical indices as well as the central
charge. It is therefore no surprise to see this structure evolve in such a way
that we get quantities generalizing the central charge and critical indices
becoming functions of the coupling parameters (the sources) and the length
scale.

The paper opens with a section on free fields, where we compute the
partition function for twisted boundary conditions in the presence of a
mass term. This computation is similar to the massless case and results in
Eq. (2.23). In Section 3 we apply our previous result to the Ising model
(free massive fermions) and we recover expressions obtained nearly two
decades ago by Ferdinand and Fisher® [Eq. (3.3)]. Modular invariance is
a consequence of the derivation, but is explicit in the expansion of the free
energy in inverse powers of the correlation length (proportional to 7 T,).
Moreover, this a convergent expansion with a finite radius of convergence
limited by the nearest singularity in the complex T plane (a zero of the par-
tition function in the appropriate scale). An analysis of the formula suports
the expectations. One obtains in closed form the scale-dependent central
charge, and other dimensions. More interesting, a splitting appears
between order and disorder operators, also as expected. Finally, the
additive (ultraviolet) renormalization of the specific heat is observed.

Unfortunately, it is not known how to extend these analytic results to
other cases. One is therefore led to study a perturbation expansion that
relies on the knowledge of critical correlation functions in the infinite plane.
The latter are in principle known. After presenting the general formalism,
we restrict our attention to specific calculations in the Ising case. We
recover some of the results of Section 2 by resumming the perturbation
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series for a thermal perturbation. We present computations up to fourth
order in the magnetic field [Egs. (4.14), (4.29)]. There are no obstacles in
principle to continuing further except that the expressions would become
extremely cumbersome. We are able to check these expressions against a
number of data, including previous studies of finite-size effects for the ratio
(M*>/{M?*>* (M is the magnetization) in a periodic strip at criticality.
The agreement is quite satisfactory. It would of course be most interesting
to obtain a complete expression for the effective central charge, say, and see
its evolution toward the Lee—Yang edge singularity in imaginary magnetic
field, which gives the finite radius of convergence of the perturbative series
in this case.

It is a challenge to find efficient methods (possibiy nonperturbative) to
perform similar calculations in the Ising and other models. But even
accepting this limitation, our examples show that at least perturbative
techniques work quite well and ought to be applied to more instances.

More generally and speculating even further, it has already been
observed that there is a close connection between integrable two-dimen-
sional models and the ones described by a finite number of primary fields
at criticality. This connection remains very mysterious and leads to several
questions: for instance, where is the Yang-Baxter algebra hidden and what
are the relations between the statistical weights of integrable models and
various partitions functions constructed at criticality which seem to use
very similar ingredients? One may hope, perhaps a bit naively, that pursuit
of the study away from T, might shed some light on these questions if one
attempts, for instance, to evaluate the S-matrix scattering elements. Related
to this problem is the one of understanding the link between systems of
equations for Green’s functions at 7. derived from the short-distance
algebra and the corresponding Painlevé systems which govern in the best
of all cases the same correlations off 7.. We hope to return to these
questions in the future.

2. FREE FIELDS. KRONECKER’'S FORMULA

1. We derive in this section the partition function of a free, massive
field subjected to twisted boundary conditions on a torus T. In the
Euclidean plane the torus is thought of as a quotient by the lattice L
generated by two periods w, and w,. We use a complex notation and
assume an orientation such that the ratio

T=,/w,; (2.1)
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has a positive imaginary part. We introduce complex fields ¢(x) satisfying
(k, I, N integers, 0 <k, I < N)

n,—kn
@(x+n,0+n,m,)=exp (Zin——l—-N—-3> o(x) (2.2)
(where of course ¢ is a function of x and x). Over such complex fields we
want to give a meaning to (ie., renormalize) the partition function written
as a functional integral

DiundTsm) = [ Do exp [— | dxa(=a+m?) <p]

1
=11 (23)

ny,ny nynz

The product is over the eigenvalues E, ,, of the operator —4 + m” subject

to the periodicity conditions (2.2), i.e.,
E, .= 27y’ n +k w,+i{n +—1— w
niny T A 1 N 1 2 N 2

A=area of T=|w,|’Im1
and is only formal. To give a precise (renormalized) definition, one
introduces the function

2
+m?, n,n,eZ (2.4)

1

Go)= 2 F—y

ny,n2

(2.5)

at first analytic for Res>1, but which admits a meromorphic con-
tinuation, analytic as it turns out at s =0. Thus we set

Dk/N,I/N(T; m) = exp _%G'(O) (2.6)

To perform the calculation, we introduce the notations

oyl
r=mit 2.7)
6(6)= (") €60 (8)
T

1
86)= X L SN T Gy ) Re e+ T 200+ TN 7 P17
(2.9)
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in such a way that

1 Almz 1
Dk/N,//NZGXP_I:‘j 'g(o)ln——[n‘r‘f"i gl(o)] (2.10)

2. In order to evaluate (and analytically continue) g(s), we
follow closely the procedure of Ref 4, very much as we did it in the
massless case.”®)

In (2.9) the sum over the integer n, defines a periodic function
(period 1) in the variable k/N + (n, + [/N) Re . One then writes its expan-
sion in Fourier series. Set

a=k/N+(n,+UN)Ret, b=Imt[(n,+N)?+]">0  (2.11)

Then

1
z [(n +a)*+ 5]

"y

+ o
= nzl:exp(Zinnla) J’m dy exp(—2inn, y) G+

) 1 <du o .
= nzlexp(Zmnla)-f(-S—)Jo —u—Lf Jiwdy expl —u(y* + b*y—2inn, y]

!

. * du s—1/2 3 nin’
F(S)IZ”:CXP(ZM”I")L —u exp~<ub =

We rescale the integration variable and split off the contribution of the
term n, =0, with the result that (37, means sum over all #» except 0)

1
L [(n +a)+b°]

2 (M(s—1/2) , . T\ 2
= o) {—?j—l—+ Y exp(21nnla)( ! )

b

><JOO@UX‘”2 exp[hnlnl!b(uﬁ-l/v)]} (2.12)
o U

We now reinstate the values for @ and b given by (2.11) and sum over n, to
get g(s). The second term in (2.12) is readily evaluated. Taking the limit
s — 0 in the integral and using the fact that

. 1/2
J @Ui—l/2€~l(u+l/u):(£> e)Z/I (213)

o U
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n'’? 1 oy 1
gm:mf(“i) R N o i e

11 (1 —exp {2m [%Jr (”-;—l) Re r} (2.14)

—2nlm<t [(z—;—l)z + t2]1/2}>| +0(s%)

then we have to treat with some care the first term in (2.14), depending on
/N only, which we write as

—2s1n

5 __nl/zr 1 Im ¢! =2 1
gz/N(S)—T(T) (5_§> m T Z[(n%—l/N)z-f—tz]S*l/z

n

(2.15)

Two cases are to be distinguished. If /N =0

. rlmt' == ¥ (s—1/2) 2I(s—1/2){(2s—1)
gols) = I(s) I: v + iz

2 (s+1/2) {(2s + 1) 12
- 172

20 (s+3/2)t* o1 & 1 B

n=1

Taking into account that
(—=1)=~1/12,  [(1+25)=1/25(1+ 257 + ---)
[s+1/2)=/n [1—s(+2In2)+ -]
N(—12)=-2/n,  YI(s)=s(l+ys+ )

were v is Euler’s constant, we find

1
So(s)=nImt{ —+5|=—2t+ 22 In(2Im te?)
go 3

Lo® 1) ,
+ ot L dA El WJ} + 0(s%) (2.16)
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Similarly,

gl/N(s):nImrl"zs{f(s—1/2) 1

I'(s) 2 ;ln—kl/NIZS"
2I(s+1)2) 1
- Y Z |n+l/N(25+1
I(s+3/2) t* 1 -2
1/2 f Z [(H+I/N +/1t2]3+3/2

} (2.17)

Except for the middle term, the limit s — 0 is easily taken, since the first
and last terms in the bracket have finite limits as s — 0. In particular,

o F(s—1/2)z 1 :_l_ ZeZinnl/N
R e R 7 e & n?

n

[1 *6I(Nvl)}
n?

W] —

Thus,

g”,/N(S)anmrs{%lil ~gl—(¥v—:—l—):l

4 1—4
+EJ N TP Hﬂ*/z}

2Imr”zslﬂ(ﬁ‘—l/2)2 1
n21(s) ~|n+ /N>

—nimrtt + 0(s%) (2.18)

Consider now

I(s+1/2) 1
ZT(s) 2 Tn T N

TG+ (L 1
—W[H<N,l+2s)+H<l N,1+2s>:l (2.19)

where

> 1
H(x,0)= ZO T
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Ifo-1,
1

O__1—{—06()c)+ (2.20)

H(x, o)~
where « has to be determined. One has

»a—H(x, o)=—cH(x,0+1)
Ox

0’H(x,0) _

0
5% 50 —H(x,o+1)—055H(x,a+1)

Let ¢ — 0; then
J*H(x, o)

oxdo —a(x)+
and since one has
0 I'(x)
5g Hx0)|  =lntmsms
(Lerch formula'®), we get
a(x)= —y¥(x) (2.21)

where  is the logarithmic derivative of Euler's gamma function. Thus,

finally,
) 1 6/(N—1)
gyv(s)=nlmt {—tz—i—s [§<1 ~—7v2~——>

+12[21nlmt+n//< ) ¢<1——]<7>+210g2}

A
fd Z n+l/N)2+/1t2]3/2}}+0(32) (2.22)

Collecting our results, we obtain

Dynyn(T, m)=exp(—n Im ty,y)

X [;[ (1 —exp {2i7r [%4— <n+]%> Re r}
_onImz [<n+%)2+ zz}w})l (2.23)
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1 1/2
Vo:é—t—l—tzln [4ne’y( n;T) ]

* 1
zj di(1—2) Z R

1 6I(N —1)
Yuncyn +0) :g 1 _T

2| in4n (“2’)”2%@0 (%)+3¢(1-%)]

A 1
+ZL U D ey e

1+tl Imzt
Yip™= 12 nime

4 +

where

In particular,

z 1
+EL da(l = Z CENVI ST

We note that y,y — 7, is a function of ¢ only.

3. As a first application of the above resulrs, we investigate the par-
tition function of a scalar, periodic, real field oft-criticality, i.e., at m #0.
From (2.3) it is given by

1

Zscalar = D
00

1 Im 7\ "2
=expnImr{6~l+t21n[4ncxp( y)< mr) :l

Claa—in ¥ !
+5 ], @00 ¥ o)

n=1
x [T {1 —exp[2inn Re t —2n Im t(n*+ £*)'?]} ~*  (2.24)
The infinite product is of course real and positive, so no absolute value sign

is necessary. We recall that z=m |w,|/2% is assumed to be positive in this
expression.
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The interpretation of the formula is clear. From the derivation, it is a
modular invariant, even though it is expressed using variables adapted to a
specific basis. In particular, 7 is a dimensionless measure of the departure
from criticality defined in terms of specific period. One can interpret the
prefactor as exp n/6 Im t C(r, Im 1), where C(0,Imt)=1 as a varying or
scale-dependent “central charge.” The appearance of a In Im t dependence
of the £? coefficient reflects the necessity of an ultraviolet renormalization of
the “specific heat,” 1.¢., the second derivative of In Z with respect to m. The
infinite product in the denominator could have been easily predicted in
a transfer-matrix formalism by decomposing the field in proper modes.
The discrete momenta 2an/{w,| are associated to ecigenfrequencies
[(2nn/jw,|)* +m* 1Y% which is what is indicated in (2.24). By extracting
the contribution of the zero mode responsible for a potential divergence,
one easily recovers the massless result

(2.25)

. i
i, m /4 Z(m) = s

where

ﬂ(r):ql/zll n (1 _qn)’ q____ezinr
1

3. ISING MODEL CLOSETO T,

In this section we study the Ising model in the scaling (or continuous
field-theoretic) regime at a temperature slightly off criticality. The
correlation length ¢ is finite and ¢~ '=|m|, where m is proportional to
a '(T/T,—1), with a standing for a typical lattice spacing. The model is
described by a path integral in terms of Grassmanian variables,

Zugwy= [ D exp (2 20 60~ 00+ mp )
= [Det(—4 +m?)]"? (3.1)

There are several qualifications here. First, we have to figure out the boun-
dary conditions on the torus. We assume that both  and ¥ are either
periodic or antiperiodic and sum over the four contributions. Second, in a
discrete version on a finite domain the sign of m~ (T/T,— 1) matters, as
the path integral is polynomial in m. We perform the calculation with m
positive, say, and then analytically continue through m = 0. As we shall see,
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a simple term is sensitive to the sign of m and one has to distinguish the
disordered phase 7>7, from the ordered one T'<7, With this
understanding we obtain

Ziging(m) =D 1p(m) + Dy (M) + Dy o(m) + Do o(m) (3.2)

ie.,

t Im t\'/?
Zigng(m)=expnlmz —15—1 In| wexp(—y) y

t4

_5f01 di(t — 2) Z 1/2)12+ Atz]”}
[Z I1 (1 +exp {217r (n-l-;) Ret
ey T

1
+exp~nlmr{z—t+t 1n4——j di(1— 1)

o 1 1
L ([(n IR+ ETR (W M)”)}

x Y ][] {1 exp[2inn Re 1 —2r Im t(n” + *)"/?] }] (3.3)
+ n

This is the result obtained more than 15 years ago by Ferdinand and
Fisher,” except perhaps for minor discrepancies due to misprints. [The
term proportional to #? in the first exponential has been omitted in formula
{3.36) of this paper, although it comes out simply from (3.30) and (3.32).]
Absolute value signs have been suppressed, since products in n from — oo
to + oo imply reality of the corresponding expressions. In the limit m =0
we recover the expected results with Dyo(0) vanishing,

Ziing0) =D 11515(0) + D 1 5(0) + D, ,,6(0)

ac 2
Dyjy1(0)= ‘41/48 H (1+4q"+"%)
n=0
2 (34)

DO 1/2(0 ‘ —1/48 n (1 n+l/2

D1/2,o(0) =2 “]

n=1

822/48/3-4-7
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Our normalization differs here by an overall factor 1/2 (put in by hand)
from the corresponding expressions given in Ref. 5. In (3.3) the terms sen-
sitive to the change t < —t (m«> —m) are in the exponential prefactor of
D,,, and Dy, and in their factor corresponding to n=0 written as
[ +exp(—2nIm 7). Combining these factors yield exp(nImts)+
exp(—= Im ).

The relativistic massive spectrum of states occurring in (3.3) is quite
natural, given that the corresponding boundary conditions are very much
as in the scalar case. Furthermore, not only does the central charge become
scale dependent, but also the “dimensions” of the various operators. For
instance, the spin operator splits into two operators which were
indistinguishable at T,.: the spin operator proper and the dual disorder
operator related by ¢« —t with scale-dependent “dimensions.” The
occurrence of a r*In[(Im1)/4]"? term in the “central charge” is once
again a manifestation of the renormalization properties of the operator iy
of dimension one. In a mass perturbation theory an ultraviclet-divergent
subtraction is required to second-order, related to the appearance of a
m?In L/a term in the specific heat, as indicated below. The calculation
using {-function regularization has by-passed the problem and provided a
nonperturbative finite answer.

The partition function is a combination of two modular invariants,
namely D, ,(m) 4 Do a(m)+ Dypo(m) and Dyy(m). The latter is of
course the inverse of the partition function of a scalar field and appears
here as a combination of the spin and disorder operator sectors. It is
instructive to expand the free energy In Z(m) in powers of m. We shall use
the notations D, instead of D(0) for the three quantities given in (3.4) and
Z, ), for Zy,,(0). Furthermore, Z; will stand for the critical scalar partition
function defined in (2.25),

1

2= O 007 e)

Then, expanding (3.3) to order m’, one finds after some calculations

Ziging(m) _ '+ mAY? +m2A [ln (Zl A e"> _2¥ Dyln D,,]
Z1/2 ZIZI/2 47[ T Z1/2
+O0[(mA'?)*] (3.5)

where the sum runs over the three combinations of indices (1/2,1/2),
(0, 1/2), and (1/2,0) and can be thought of as an entropic contribution of
the various spin structures. Equivalently,



2D Field Theories close to Criticality 461

mA?
n Ismg(’n) n 1/_+lel/2
gl 1n<Z‘ \/Zew>~izoij1naij 1
4 i 2r Z 2(2121/2)2

+ 0[(mA'?)*] (3.6)

a rather neat expression involving both the fermionic (Z,,) as well as
bosonic (Z,) partition functions.

One notes the appearance of a term linear in m corresponding to a
nonzero expectation value of the energy operator in the spin sector (and
not the “vacuum” one). We shall discuss below the details of this
mechanism. The arbitrary length scale involved in the term mzln\/z
appears as an additive renormalization of the specific heat. If we return to
the original starting point [Eq.(2.3)], we see that the product over
energies is dimensional. We could have a priori decided to measure lengths
in units of \/,—4— and energies in units 4 ~', which would amount to com-
puting, instead of (2.3), the dimensionless quantity [1,,,, (4E,,,) " and
would result in the effective disappearance of the factor \/Z inside the
logarithms of (3.6).

The existence of odd as well as even terms in the expansion (3.6)
shows that in general the maximum of the specific heat is not at m=0
(T=T,), but depends on the modular ratio as observed in Ref. 3. Finally,
let us note that in spite of the original disymmetric appearance, the expan-
sion (3.6) is a testimony to modular invariance, involving only such quan-
tities as Z,, Z, 5, m, A,....

4. PERTURBATION THEORY

1. Assuming the geometry depicted on Fig. la, we write the partition
function of a continuous field-theoretic model as

Z=Trexp(—Im w, H+iP Re w,) (4.1)

where H and P are the commuting Hamiltonian and momentum operators.
For definiteness we use a coordinate system in the u plane where w, is real
(Fig. 1). The trace is of course independent of the choice of basis in which
we have a realization of H and P. In any case we choose one in which P is
diagonal. At criticality, H reduces to H,,

2n . C
Ho=" (LO + L, —-ﬁ) (4.2)
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Re(.u2

Fig. 1

with L, and L, belonging to the commuting Virasoro algebras‘®’ generated
by the energy-momentum operator and C is the central charge. The states
form a (decomposable) representation of these algebras. We shall assume
the vicinity of the critical theory described by a modified Hamiltonian

@1 du,

H=H,+ V:HO—ZGJ S0, 0) (43)

0

with a sum over a set of primary local real fields of conformal weights
(h, h=h). To simplify notations we limit ourselves here to a single field and
suppress the summation sign. This means that the coupling constant G is of
dimension 2 — 24 in units of [length] ™%

To start with, we would like to understand the “running” central
charge (a scale-dependent quantity), the analog of the phenomenon found
in the previous section. For that purpose instead of computing the full
trace in (4.1), we limit ourselves first to the unperturbed vacuum con-
tribution. We denote by {0 this translationally invariant state and write

Zy =<0} exp(—Im w, H+iP Re w,) |0

7 Im1C G rIma w1
—exp O T expoe [ duy | duy gluy, ) [0y (44)
6 2n o 0

where the “time” ordering operator 4 acts on the variabie u,.
It is then useful to return to the punctured plane (Fig. 1b) using the
map
2in .
X=exp—1u, U=1u; + ity (4.5)
Wy
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Thus,

dzu —_ <8)_1>2 g’i-{
2n) xx

and from the conformal transformation properties of ¢

@y

2—2h d2
dzu q)torus(us l’—l) = <_> ( al

o TEE @ plane(X, X) (4.6)
The integral becomes one in an annulus from [x|=p to |x|=1 and
ordering is radial. The value of p is

p=exp—2rlimr (4.7)
It is now useful to define a dimensionless coupling
g=G(lw/2n)* " (4.8)

The case treated in Section 3 corresponded to the Ising model with G =m,
h=1/2 and g was denoted ¢. On the other hand, we could consider the case
of a magnetic perturbation again in the Ising model with G — H (the
magnetic field), ¢ —spin field of dimension s =1/16, in which case
g=H(|w,|/2n)'*%. Relevant perturbations will be such that 224> 0, in
which case for fixed G, g grows as |w,| — o and perturbation theory is
dangerous unless G also goes to zero to maintain a finite (but small) g. On
the other hand, this is also the most interesting one, as it may transfer one
from a universal class to another. Two strategies are possible: One can
study models such that one has an operator ¢ with /4 close to unity and
develop renormalization group equations by expansion in (1 — A4). This is a
case studied by Zamalodchikov.'®) Alternatively, one can look at a
straightforward expansion in g. This is what will be attempted here for
relevant operators. For 2/ a fractional number between O and 1, as the
infrared cutoff is realized by the choice of boundary conditions and the
ultraviolet behavior under control, no singularities appears in the g-expan-
sion of Z, written as

I 1 g2
Zo(g,Imr)=expn m tC gj d*x
P

0| Texpﬁ W_—,,QD(X, x) 10>

(_g_)” [ dxy - dxy
= Pty gy
Moo \27) pcixt stan <t (XX - XuEy)

X (O] @(x;, X1} ---@(xp, Xn) [0) 4.9)

s
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If H has a ground state for g #0, we presume that In Z, will behave like
Im 7 in the limit Im 7 — co. This justifies the definition

InZy(g, Im) . InZ(g p)

)= tm = me M a1/ (4.10)
with
C(g)=C/12+ g°Cr+ g*Cy+ - (4.11)
(assuming that odd correlation functions vanish) and
1 1 2% e d?
Con = (2m)*¥ ohir}) In(1/p) Ls betl - xanl < 1 (xlsl)'c'l' xzjiiiﬁl o
X 0L @(xy, Xy) -+ @(Xon, X2) 10 connectea (4.12)

The necessary ingredient in the computation is provided by a knowledge of
the critical correlation functions of primary fields. Those are in principle
determined by the differential equations derived by Belavin er al'® and
elaborated by Dotsenko and Fateev.”) The overall normalization will be
provided by the two-point function written as

Ol @(xy, X1) (x5, %3) 10 = 1/]ox, — x5 * (4.13)

which then gives an absolute meaning to the parameter g. The one-point
expectation value is assumed to vanish (for ##0 in the infinite plane). The
value of C, is then easily extracted. We have

1 fl d*x, Jl d*x, 1

2ryJ, 1x 127 e a2 2 oy — x|
_ Jl dx, 2 dx,
- ‘X ‘1+2hjp |x1\1-2h
2 0\ —2h —i0\ —2h
Xj dH(l_xle ) <1~x1€ )
0 27 X X,
—fl dx, fxz dx, i ( I M(n+2h))
o xR xR 2\, n! I'(2h)

1 [ I(n+2h) jldxz e 2k
2n+2h[n!F(2h)] p 2[ <xz> ]

i
n 18
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Taking the limit p — 0 in the above expression yields

© ] [F(n+2h)]2

Calh) =2 30 | i T h)

1 r1
—f %th(zh, 2% 1; x) (4.14)

0

The above series is of course meaningful provided

0<2h<l1

as stated above. An example of the limiting case 24 — 1 corresponds to the
thermal operator in the Ising case treated in Section 3. The behavior of
In Z4 is no longer linear in Im 7 and a logarithmic divergence occurs in C,
(see above). One could as well obtain (4.14) by a standard perturbation
theory for the ground state of H,, the denominators 2#n + 2/ corresponding
to the difference between the energy of excited states |h+n, h+ n) coupled
to |0> by the perturbation, and the numerator to the square modulus of
matrix elements:

C(g) (4.15)

L C o (lon V2 KOV 4, At )]
"'1_2+<—277> z 2nt 2 o

Sum rules necessary to the evaluation of (4.15) are provided by transfor-
mation of (4.13) and lead to calculations similar to the previous omnes.
Computation of the other terms requires a knowledge of multipoint
correlation functions, which depend on the model.

2. Rather than trying to pursue the matter in general, we shall con-
centrate first on the thermal perturbation in the Ising case. Comparison
with the exact results of the previous section will provide a check of the
method. Here ¢ is the energy operator & with dimensions (1/2, 1/2). Odd
correlation functions vanish, and even ones are given by the simple formula
derived from Wick’s theorem for the free field Fermi theory,

. _ 1
CO[&(xy, %1) -+ E(xaw, Xop) [0 = IPfx— (4.16)
i
Consider first the fourth-order term in (4.11). One has
1 1 I
0] &(1)---&(4)10> = ~ + (4.17)
X13X34  X13X24  X14X23
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and the four-point connected correlation function reads

<OI éo(l) e £(4) |O>connected

1 | 1
= - - — + C.C.

X3 X34X14X23 X2X34X13X24 X (3X24X14X23

A term like (x,,X34%4%,;) ' can be rewritten

[X2 X335 %4(1 = x1/3)(1 — x3/x4)(L — x,/%,)(1 —322/323)]~1

The x,x; in this expression produces a phase factor exp(—i6,;) which will
not be compensated by the expansion of the other factors, leading to a
vanishing contribution after the angular integration in (4.12). We are thus
left with

1 J d*x, - d’x,
- (n)?

= NV
il <l s 1 (XX 0 XgXy)

wl—;;><1——x—4><l—i;ﬁ><l—f;f>1*‘+c-c-

cldx, rxadx *
;2_ j it} j dx2 J‘ dxl
4 e p
2n 2r d91 6 xleielz ( xzei924
<, 1 — Kl P ) > )

x[1-Ztemu)(1-22 ’923>]1+C.C.
X3

“2J dx4 :4dX3J dxzf d, i <x1x2)2"

p X2 X3X4

When p goes to zero we replace all the lower limits of integration by 0,
except for the first one. We get then

i 1 Ldx,
-2 Eo (2n+ 1) (4n+2) L X4

and thus
C,(12)= —((3)(1—-27?) (4.18)

In contrast to C,(1/2), this is finite, and agrees with (3.3). The following
C,n(1/2) can be calculated exactly in the same way. The only terms in the
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connected 2N correlation function (4.16) that lead to a nonvanishing resuit
after angular integration are of the form (x;, -+ Xy %y, -+ Xaz) | Where
(i,---iy) and (j;---jy) are two permurations of (1---N) with i #j,,
1 <n < N. Their contribution is

jldxzm---rwzi)—cziﬂrlmde...rzdxl i ( Xy Xy >2"

p Xin P XN+t 'p P ne0 \NXN+1 T XoN

ie., in the limit p -0

i 1 jldxwv
o n+ 1) (4n+2) - [2(N—1)n+N—11" 2Nn+ N), xop
We thus get

CzN(1/2)=(—1)N‘1(2N—2)'(N,)zC(ZN 1)(1-2172%)

or

I'(N—1/2)

Conl1/2) =2 (= )Y 5=

(AN —1)(1—21-2)  (4.19)

This agrees with the expansion in powers of ¢ of the varying “central
charge” deduced from (3.3),

C(t):z—lll—-%zln[ne ’<IIZT)/]
D ey TIN=172)
22 (=" T(—1/2) N

(AN —1)(1—2' 2%y 2V (4.20)

3. We turn now to the magnetic perturbation in the Ising model, ¢
being the spin operator ¢ with dimensions (1/16, 1/16). Correlation
functions are given by®

O o(xy, X)) - 0(xan, Xan) ]0>2

1N/2
:<§> Yo IT Il (4.21)
ez,sé:::) 1€i<j<2N

In this case it is the square of the correlation function that has a
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simple form, and taking the square root leads to more complicated
calculations than above. We shall consider only N=2. We can write

O a(1)---0(4) 10>

1 1
i) (e @2 +1f_@)i*}  (422)

B (x14x23u)1/
where
1+ 1_ 1/231/2
fi(”):l: *( . u) ] ’ u=X12x43
X3 X4
Both functions f, (u) satisfy the differential equation

u(l—u) "+ (3—u) '+ =0 (4.23)

which enables one to expand them in power of u in the case of f, and of
u'? in the case of f_, |u] < 1:

L (L—u)'?)
-

1_(1 —y 1/251/2 o
f(“)zli—”——”—z ) :! = - Z Am+1/2“m+1/2
m=0

i

Je(u)

n
A, u
0

3
) 18

(4.24)

with

_I(12) T(x+1/4) I(x—1/4)
T I(—1/4) Tix+ D) T(x+1/2)

One can then develop (4.22) for radialy ordered variables. After long but
straightforward algebra and repeated use of the binomial formula, one gets
a sum over 14 indices,

{0 a(1)---a(4) |0
2 T(n,+1/8) 2 I'(n,+1/8—m) S I'(n,+m—1/18)
= 1 ﬂ (1/8)n,! ,11 I (1/8—m)n, ES I(m—1/8)n,! An

ny--ngm, i=1

“is xl ny+n3 -+ ns Xz ny+ny4ns+ng+m .X3 Ay + ng+ ne
X (X5X4) — = =3
X X3 Xq4

x C.C. + same sum with m(#) replaced by m + 1/2 (i + 1/2) (4.25)
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where complex conjugation means also use of 7 indices instead of .
Although (4.25) was obtained using the expansion (4.24), legitimate for
|u| <1 only, it now defines a series that is convergent for radially ordered
variables, and we expect this expression to be true whatever the value of

|u]. To get the connected part, one must subtract

<0l a(1) 5(2) 10><0[ 6(3) a(4) [0}

which can be expanded as

x5 M e () () xee

PIPy=0i=1 X4

and two similar terms deduced by permutation,

© 8 1 5 P
(exg) 1% Y ﬂl;ﬁ(g/;)lf{,(—) <x—> x C.C.

PiPy=0i=1 x4

() 3] F(}; /;) 1}{81) <—> x<f—l>P2xc.c.

PIPy=0 i=1 X4

We now perform the integration (4.12). For a term like

(27[)2N pinl-- <lan <t (X1 X "'XZNsz)IS/IG

(4.26)

(4.27)

(4.28)

xl ny+n3 + ns xz ")+ ny+ s+ g+ m x ny+ a4+ ng

_ 3

X (x,x,) " '7® <——> <——> (——) x C.C.
X2 X3 X4

the angular part selects terms where n, +ny +ns = 7#, + f1; + is and similar
relations for the two other exponents, with the leading behavior as p — 0

1 1 i

Ldx,

1/8+2(n, +ns+ns) 2(n, + ny+ns+ng+m) 1/842(n; +ny+n6) 1, x4

The case where the second denominator vanishes is excluded by the sub-
traction of (4.26). Integration of (4.27) or (4.28) is similar to the calculation

in (4.13), (4.14). Collecting results, we get finally
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0 2 [(n,+1/8)
Cs <E> = X (ﬂ TX1/8)
g g =0

ny+ny+ns=C.C.
n+m+ns+ng+m=CC. %0
ny + ng+ ng=C.C.

A In,+1/8—m) [(n;+m—1/8)
N FaE=mnt LR 1syn A'"XCC-)

1 1
X
<1/8 +2n;+ny+ns)2(ny+n,+ns+ng+m)

1
“ 18+ 2(n, +n4+n6)>
+ same sum with m (m) > m+ 1/2 (m+ 1/2)
i 8 I'(n;+1/3)
5 (n et c.c.)

nyng=10

1 1 1
X <1/8 Y20, 178 + 2y 14+ 27+ 115)

1 1
+(1/8+2n7)2 1/4+2(n7+n8)> (4.29)

In contrast to C,(1/2), this expression is rather heavy, and does not
seem to generalize simply to higher orders. In the strip limit (7 — o0) it is
interesting to consider the first cumulants of the magnetization M for a
discrete Ising model mode of LT = A spins at criticality,

mz(L)=Tlim AWM
. (4.30)
m4(L)=T11m AT MY =3(M*H?]
The ratio

my(L)

R= —= lim —at)
30 TLmy(L) 12

(4.31)

is universal and has been evaluated numerically,

R =2.46044 + 0.00002 (4.32)
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using transfer matrix methods® or a Monte Carlo estimation'® of the
integral (4.12). We get here its analytic form

N C4(1/16)
— a[Cy(1/16)77

C, is easily obtained numerically, C, =~ 8.009487.

The calculation of C, is more difficult, since the sum involves 11
indices. Fortunately, it converges quite rapidly. (For all #;, m on the same
scale n, Stirling’s formula I'(n) ~n"~'2e~" gives a behavior ~n~**) and
the first few terms provide a good estimation. Computation for #,,
me [0, 3] gives C,~ —495.88 +0.01. Thus,

(4.33)

R = 2.46048 + 0.00005 (4.34)

in agreement with (4.32).

Note that the zeroth-order term in (4.14) is 8 and O+ 16 — 512 = —496
in (4.29), leading to an estimate R~ —31/4x = —2.467 already very close
to (4.34).

4. One can also perform similar calculations for the varying “dimen-

sions.” For the spin operator in the Ising case one has, for instance,

Zi/16(g Im 1) = (ol exp(—Im w, H +iP Re w,) |6 )
—2rlmt & N
v 5 (3

X_[ _ dx, ced?x o
p<ial - <ii<t (X Xy xpEy) T 2n

x {01 (0, 0) @(x;, X1}~ @(xy, Xy)
x g(exp if, exp —i0) |0 (4.35)

which defines

InZ, (g p)

D =1 X
(&)= Im = ) (4-36)
with
D(g)= —1/12+ gD, +gzDz+ (4.37)

For the thermal perturbation the first term is nonzero. We must compute

EI;E_J' d’x, db, <0l 6(0, 0) & (x5, X,) a(e™, ef,'g:‘) 05

p<lxl<l (xzfz)m 2n



472 Saleur and itzykson

This integral requires knowledge of the three-point function, which is easily
deduced from (4.13), (4.21):

Ol o(x, %) € (x,%,) 0(x3%5) 10) =3x52x 5238 x C.C. (4.38)

We are thus left with

1 d*x, db _ . . _
T T e T ) )
psixl< 242

whose dominant behavior is simply 1/2 In(1/p). Thus,
D(1/2)y=1/2 {4.39)

in agreement with (3.3). Note that a similar calculation of the “varying
dimension” of the energy (identity) would give zero, since {eegd ({Iel))
vanishes. As an example of a new result, we consider the magnetic pertur-
bation. Then D,(1/16)=0 and one obtains D, using the correlation
function (4.25)

D2< ! ): i I'(ny +1/8) I'(ny + 1/8)

16) = T(1/8) ny! T(1/8)nyt “mamreem
1
X—-—_._—_.__—_
2(n, +m)—1/8
+ same sum with m - m+ 1/2 (4.40)

We thus predict the ratio of the shift in g? for the ground-state and the first
excited-state energies

_Cy(1/16)

) 0392 441
"= D,(1/16) 03926 (4.41)

where C,, D, have been computed numerically using the above expressions
[note that the zeroth-order approximation to the sums (4.14) and (4.40)
already gives r=~ —17]. Transfer matrix estimations of this quantity,
obtained by a method similar to the one used in Ref. 9, are given in
Table 1. Their extrapolation agrees satisfactorily with the value given by
(4.41).

5. All these calculations are by no means restricted to the Ising case.
As a final example, we consider the three-state Potts model with a thermal
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Table I. Estimates of the Ratio
r [Eq. (4.41)]¢

[\,
~

-1
—1.027820
—1.033255
- 1.035283
—1.036376
—1.037065
—1.037530
—1.037858
—1.038099
10 —1.038232
Extrapolated value —1.0392 £+ 0.0003

e N = NV e S Ve R S R e

“These values have been obtained by considering a dis-
crete Ising model on the square lattice with a cylinder
geometry (L being evaluated in lattice spacing units). We
have computed numerically the shift in H? of the ground-
state and first excited-state energies in the transfer matrix
spectrum.

perturbation £(2/5, 2/5). Then C, is given by (4.14) and one can obtain C,
using the known four-point energy correlation function™!

0] 6(1) £(2) €(3) £(4)>
= (x,4x03u) ¥ F(—8/15, —1/5; —2/5; u)x C.C.

*(=2/5) I(6/5) I'(13/5)
T T(=8/5) I(—1/5) I'*(12/5)

(x14x23u)3/5 (x13x24)‘7/5

x F(13/5, 6/5; 12/5; 1) x C.C. (4.42)
where F is the Gauss series
Fla, b;c;u)y= Y, A,(a,b;c)u™ (4.43a)
m=0
with
a+m)I'(b+m) I'(c)
A ;C)= .
@ b ) = S T ) e 3 m) ) (443b)

The calculation is similar to the preceding ones and we only quote the
result here:
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2 2 I(n, +4/5)
s (5) = Lk (H T(4/5) n;
A---Agm=0

n+n3+ns=CC.
A+ m+ns+ng+m=CC. #0
ny+ng+ng=C.C.

4 In,+4/5—m) % I'in;+m—4/5) .
L r@/5—myn! ML M(m—4/5)n,! Afn’XC-C.>

1 1
X<4/5+2(n1+n3+n5)2(n1+n2+n5+n6+m)

1
QYT —— n6)>

*(—2/5) I'(6/5) I(13/5)
CT(—8/5) I'(—1/5) I'*(12/5)

© 2 I(n,—3/5) & I'(n,—m—23/5)
L (It las

ny+ny+ns+ny=CC.
ny+m+ns+ng+ny+ng+m=C.C.
ny+na+ng+ng=C.C.

& In,+m+3/5) 5 I'(n;+7/5) 5
<[ T3t 1L s 4%

1
X
(4/5+2(n1+n3+n5+n7)
1
X
14/54 2(n, + 1y + ns+ng+n,+ng +m)

1
“ &5+ 2(n, +n4+n6+n8)>

> 10 I'(n;+4/5)
-2 (H T3y, XCC‘)

ng,np=0 \i=9

1 1 {
x <4/5 ¥ 21y 4/5 + 210 8/5 1 2(ria + 1170)

1 1
+ (4/5 + 2ny)? 8/5+2(n9+n10)) (4.44)

where A and A are the coefficients (4.43b) in the expansions of the two
Gauss series (4.43a).
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